A detailed quantum-mechanical description of an electron in a Penning trap is developed in which nonlinear relativistic effects as well as stochastic effects arising from radiative damping and the continuous measurement of the electronic motion are taken into account. A master equation is derived that describes the influence of these environmental effects on the bistable dynamics of the electron. Manifestations of measurement-induced fluctuations on the bistable dynamics of individual continuous measurement processes are investigated with the help of the quantum state diffusion model. ͓S1050-2947͑98͒04807-0͔
I. INTRODUCTION
The advances in trapping and cooling techniques within the past decade have led to new experiments that can continuously observe individual quantum systems by optical or electronic means. One of the most elementary quantum systems that has been investigated in this context is an electron in a Penning trap ͓1͔. A spectacular application of its experimental realization has been the measurement of the electronic g-factor with unprecedented accuracy. However, besides applications in quantum metrology, this elementary quantum system also offers new possibilities for fundamental studies on the influence of continuous quantum measurement processes on the electronic dynamics.
In a series of recent experiments, Gabrielse and coworkers have investigated the nonlinear effects that are caused by the relativistic motion of an electron in a Penning trap ͓2-4͔. Based on purely classical considerations, the existence of such nonlinear effects due to relativistic corrections has been predicted theoretically by Kaplan ͓5͔. Typically in these experiments the electronic dynamics is monitored by purely electronic means by detecting the currents that are induced by the axial motion of the electron in the end-caps of the electrodes. The axial motion of the trapped electron is coupled to its spin and cyclotron degrees of freedom by relativistic effects. Thus the continuous observation of the axial electronic motion through monitoring the charge-induced currents also yields information about the dynamics of the electronic spin and cyclotron motion.
A number of recent theoretical studies have considered the relativistic dynamics of an electron in a Penning trap. For instance, in ͓6͔ this system is suggested as an experimental realization of a quantum nondemolition measurement of the cyclotron excitation number of the electron. This work appropriately introduces the dissipation in the axial motion by using the theory of open quantum systems but assumes that the cyclotron state is projected onto a Fock state without describing how this collapse occurs. Furthermore, it neglects other dissipative effects, thus limiting its applicability to a short time scale, which is impractical for typical experimental investigations. In ͓7͔ a model of electron dynamics involving cyclotron and axial dissipation is introduced together with a phase sensitive measurement involving the squeezing of the bath. The measurement-induced influence on the cyclotron motion is investigated by eliminating the axial motion adiabatically. It is found that the bistable nonlinear resonance can be modified by varying one of the squeezing parameters associated with the phase sensitive detection process. However, all these investigations are based on simplified model systems in which either the dissipative effects or the relativistic dynamics of the electronic degrees of freedom that are relevant for typical experiments are not fully taken into account.
Motivated by the recently performed experiments of Gabrielse et al. ͓2-4͔, in the following a detailed quantummechanical description of the relativistic electronic dynamics in a Penning trap is developed. Thereby the main emphasis is put on a realistic and consistent quantum-mechanical treatment of the measurement-induced quantum fluctuations on the relativistically induced hysteresis effects. A master equation is derived in which all relativistic effects as well as all dissipative effects, which are dominated by radiative damping of the cyclotron motion and the continuous quantum measurement process, are taken into account. In order to obtain insight into the resulting time evolution of individual quantum measurement records, this master equation is simulated stochastically with the help of the quantum state diffusion model ͓8,9͔.
In Sec. II we develop a detailed theoretical description of an electron in a Penning trap taking into account relativistic corrections as well as external, electric driving fields and all the dominant environmental effects. A simplified master equation is derived for the experimentally interesting case of large axial driving and damping in which the axial motion can be eliminated adiabatically. Starting from this master equation, the spin and cyclotron motions are investigated in Secs. III and IV. Insight into the time evolution of individual continuous quantum measurement processes is obtained with the help of the quantum state diffusion model. Section III focuses on the question as to how relativistic effects influence the electronic spin motion. In Sec. IV the back action of the continuous measurement process on the bistable dynamics of the electronic cyclotron motion is investigated. It is demonstrated that the measurement-induced quantum fluctuations may influence these hysteresis effects significantly.
II. THEORETICAL FRAMEWORK
We develop in this section a theoretical description of the relativistic dynamics of an electron in a Penning trap. Starting from the Dirac Hamiltonian in Sec. II A the dominant relativistic corrections are discussed that lead to anharmonic, nonlinear terms in the Hamiltonian. In Sec. II B it is demonstrated that resonant driving of the electron by a periodic, external electric field may lead to bistable behavior. Radiative damping and the continuous measurement of the axial electronic motion are the dominant environmental influences. Together with the relativistic Hamiltonian, they determine the master equation of the trapped electron, which is presented in Sec. II C. In Sec. II D the axial electronic motion is eliminated adiabatically in the limit of large driving and damping of the axial motion. Thus a simplified description of the spin and cyclotron degrees of freedom is obtained. This master equation might be used as a starting point for stochastic simulations of individual measurement records. Basic facts about stochastic simulations are discussed in Sec. II E with the help of the quantum state diffusion model.
A. The relativistic Hamiltonian of an electron in a Penning trap
The relativistic Dirac Hamiltonian of a spin-half electron under the influence of an external electromagnetic field can be reduced to its nonrelativistic limit with the help of the Foldy-Wouthuysen transformation ͓10͔. In the case of an electron in a Penning trap, the relevant magnetic field B is time independent and the electric field E divergence free, thus the relativistic corrections ͑RC͒ can be further simplified yielding the Hamiltonian H 0 ϭH NR ϩH RC . The nonrelativistic ͑NR͒ part of this Hamiltonian is determined by thermore, the nonlinear couplings between the different motions is an important effect that is exploited for the continuous measurement of the electronic cyclotron and spin motion.
B. The influence of periodic, external electric fields
In order to monitor the bistable dynamics of an electron in a Penning trap, typically two additional periodic electric fields are applied. The first of these two fields is a sinusoidal voltage applied between the ring electrode and one end-cap of the Penning trap ͓3͔. It is oscillating at a frequency d almost resonant with the axial frequency of motion d Ӎ z . The associated vector potential A 1 can be expressed in terms of the amplitude U 0 of this voltage and the minimal distance 2z 0 between the end-caps, namely,
The second applied electric field is typically polarized in the cyclotron-magnetron plane, and its frequency p is tuned close to the cyclotron frequency p Ӎ ϩ . Such a field can be applied, for instance, by sending a microwave electric field through an opening in the Penning trap ͓2,3͔. This planar driving field can be represented by the vector potential 
͑9͒
describe the amplitudes of the planar and axial driving fields, respectively. The frequency d of the axial driving is almost in resonance with the axial frequency of motion, whereas it is largely detuned from the cyclotron and magnetron frequencies. This implies that within the framework of the RWA approximation, its effect on the cyclotron and magnetron motions is negligible. Therefore, the corresponding contributions have been omitted in Eq. ͑8͒. The same argument applies for the planar driving, which will have a noticeable influence only on the cyclotron motion. As a consequence, the magnetron operators do not contribute as they are oscillating with a frequency that is smaller by a factor of the order of ( Ϫ / ϩ ). The magnetron motion is a simple harmonic motion at frequency Ϫ , which is decoupled from all the other motions so it will no longer be considered explicitly in the subsequent treatment. Thus the Hamiltonian, which describes the relativistic electronic cyclotron, axial, and spin dynamics in the trap in the adiabatic approximation, is finally given by
In this expression, the first three terms represent the harmonic motions with the renormalized trap frequencies ⍀ ϩ ϭ ϩ Ϫ rc /2, ⍀ z ϭ z Ϫ rc /2, and ⍀ s ϭ c Ϫg rc /4. The frequency
characterizes the strength of the relativistic effects. The second line describes the nonlinear couplings induced by the relativistic effects. Here we have introduced the cyclotron and spin number operator
and we have taken c to be equal to ϩ as they differ only by a factor of the order of ( z / ϩ ) 2 .
C. Environmental effects and master equation for the relativistic electron
The dominant interactions of the electron with its environment are the radiative coupling of the cyclotron motion to the thermal radiation field and the coupling of its axial motion to the resistor of the electric circuit involving the external driving voltage with amplitude U 0 ͓1,11͔. The couplings to these environments can be treated in the Born-Markov approximation so that the reduced density operator of the electron in the Penning trap (t) obeys a master equation of the canonical Lindblad form
͑13͒
Thus, the deterministic part of the electronic dynamics is characterized by the Hamiltonian H of Eq. ͑10͒ and the stochastic part is described by environment operators L j . Due to the hierarchy ϩ ӷ z ӷ Ϫ the coupling of the cyclotron motion to the thermal radiation field is most dominant ͓1͔. Its radiative damping can be described by the two Lindblad operators ͓13,14͔
with the spontaneous decay rate of the cyclotron motion ϭe 2 ϩ 2 /3 0 mc 3 and n ϭ͓e ប⍀ ϩ /k B T Ϫ1͔ Ϫ1 denoting the mean number of quanta of the thermal radiation field at temperature T.
In typical experiments, the axial electronic motion is monitored continuously by measuring the out-of-phase component of the current, which is produced by applying a sinusoidal driving voltage between the ring electrode and one of the end-caps of the trap. The influence of this external applied voltage on the axial motion can be modeled by a quantum mechanical L-C-R circuit ͓1,11͔. Thereby the inductance L ind and the capacitance C are related to the axial eigenfrequency z by z 2 ϭ1/(L ind C). In the quantummechanical description of this L-C-R circuit the charge operator Q and the current operator I are related to the destruction and creation operators a z and a z † by ͓11,14͔
The operator measured in typical experiments is the slowly varying component of the out-of-phase component of the current, i.e. ͓11͔,
In the context of quantum optics this continuous measurement would correspond formally to a heterodyning detection of a photocurrent ͓15͔, provided one identified a z with the destruction operator of a photon in a particular mode of the electromagnetic field. In the rotating wave approximation the dissipative influence of the resistance R on the electronic axial motion can be described by the Lindblad operators ͓14,11͔
The thermal influence of the resistor that is at temperature T R is characterized by the mean thermal quantum number
The master equation ͑13͒ for the reduced density operator , together with the Hamiltonian ͑10͒ and the Lindblad operators ͑14͒ and ͑17͒, is a main result of this section. It describes the dynamics of the electron in a Penning trap including the relativistic corrections and the dominant environmental effects.
D. Master equation for the spin and cyclotron motion
In order to improve the signal-to-noise ratio, in typical experiments the resistance R is made as large as possible ͓1͔. As a consequence, the axial motion is strongly damped. This property can be used to simplify further the master equation ͑13͒ by eliminating the axial motion adiabatically. This adiabatic elimination has already been described in detail for a nonrelativistic electron in a Penning trap ͓11͔ and can be applied to the master equation ͑13͒ in an analogous way. Thus the subsequent discussion focuses only on the general ideas of this elimination procedure.
When the damping rate z is large, the axial motion reaches its equilibrium almost instantaneously relative to the other relevant time scales. If in addition the externally applied voltage is large, the stationary state of the axial motion is close to a highly excited coherent state. This dynamical regime is called the quantum Brownian motion ͑QBM͒ limit ͓14͔ and is realized when ϭ z / rc becomes large, with rc and ͉␤ z ͉ 2 rc / z 3 being held constant ͓11͔. In this limit the density operator of the cyclotron, spin, and axial motion factorizes approximately into ϭ z WϩO( Ϫ1 ) ͓14͔, where z (W) represents the density operator of the axial motion ͑of the cyclotron and spin motion͒, respectively. Thus by tracing out the strongly driven and damped axial electronic motion the master equation
is obtained for the reduced density operator of the cyclotron and spin motion ͓11͔. The deterministic part of the reduced dynamics is described by the Hamiltonian
with the modified frequencies ⍀ ϩ ϭ⍀ ϩ ϩ rc ͗n z ͘ 0 and ⍀ s ϭ⍀ s ϩg/2 rc ͗n z ͘ 0 . The stationary excitation number ͗n z ͘ 0 of the axial motion in the absence of the relativistic coupling to the other degrees of freedom is given by
The dissipative part of the dynamics is characterized by the Lindblad operators L 1 and L 2 of Eq. ͑14͒. The stochastic influence of the back action of the axial motion on the cyclotron and spin degrees of freedom is described by the Hermitian Lindblad operator
This Lindblad operator tends to destroy all quantum coherences between different eigenstates of the cyclotron and spin number operator N of Eq. ͑12͒ with rate 
͑24͒
Factorizing the density operator and setting the axial drive in resonance with the axial frequency, i.e., ⍀ z ϭ d , the relation
is obtained in the stationary limit, i.e., for tӷ1/ z . This equation shows that in the QBM limit the measurement of the out-of-phase current ͗I out ͘ is equivalent to measurement of the cyclotron and spin excitation number ͗N͘ ͓11͔.
E. Stochastic simulations of individual quantum measurement processes with the quantum state diffusion model
The master equations ͑13͒ and ͑20͒ together with Eq. ͑25͒ describe the time evolution of a statistical ensemble of continuous measurements performed on an electron in a Penning trap. In order to describe the corresponding time evolution of an individual measurement record of ͗I out ͘ by stochastic simulation, in principle a detailed analysis of the measurement process is required on the basis of the quantummechanical measurement postulates. So far such an analysis of the continuous measurement of the current ͗I out ͘, which relies on purely electronic means and does not involve any photon counting process, does not exist and its development is beyond the scope of the present work. Nevertheless, in order to obtain some insight into the time evolution of possible individual measurement records of ͗I out ͘ in the subsequent discussions, the quantum state diffusion ͑QSD͒ model of state reduction will be used.
This model of state reduction has been introduced as a general approach to continuous quantum measurement processes in which the time evolution of an individual quantum system, i.e., a single member of a statistical ensemble, is represented explicitly ͓8,9͔. In this respect the QSD model transcends the framework of traditional quantum mechanics and its significance for the quantum-mechanical measurement problem still remains an open question. However, starting from the quantum optical photon counting theory it has been demonstrated, for example, that in heterodyning measurements individual records of photocurrents can be described by stochastic differential equations of the QSD type ͓15͔. Thus despite the lack of any systematic derivation based on first principles, the application of the QSD model in this context might be motivated by the formal analogy between the continuous measurement of ͗I out ͘ and quantum optical heterodyning experiments as mentioned in Sec. II C.
In the QSD model, the quantum state of an individual quantum system is represented by a normalized vector ͉͘ in a Hilbert space, which evolves according to the stochastic differential equation
͑26͒
Thereby 
͓11͔.
Thus, starting from the master equation ͑20͒ for the cyclotron and spin motion, individual quantum measurement processes might be simulated within the framework of the QSD model by interpreting ͗N͘ as being proportional to the observed current according to Eq. ͑25͒.
III. DYNAMICS OF THE ELECTRONIC SPIN
In this section the influence of the relativistic corrections of Secs. II A and II B on the electronic spin is investigated. Starting from the master equation ͑20͒ with the Hamiltonian ͑21͒ and the three Lindblad operators of Eqs. ͑14͒ and ͑22͒, the equation of motion for the expectation value of the axial spin component ͗ z ͘ϭTr( z ) can be obtained. As z commutes with the Hamiltonian, the three Lindblad operators, and their adjoints, the expectation value ͗ z ͘ϭs z is a constant of motion, i.e.,
This also implies that the associated fluctuations of this spin component are time independent, i.e.,
Thus the relativistic couplings discussed in Secs. II A and II B do not affect the ensemble averaged spin motion. But what happens to the electronic spin in an individual continuous measurement process? In order to answer this question completely, a detailed description of the measurement pro-cess is required, which is a complicated task beyond the main goal of the present investigation. However, some insight into the mechanism underlying the dynamics of the spin in an individual continuous measurement process can be obtained on the basis of the quantum state diffusion ͑QSD͒ model. As discussed in Sec. II E, in this model of state reduction the equation for the evolution of the quantum expectation value of an individual measurement process ͗ z ͘ is given by 
which reflects properties of the QSD model and which cannot be evaluated from the density operator of Eq. ͑20͒.
2 , which can be evaluated from the density operator. As this spin autocorrelation fulfills the equation
it decreases with time until the quantum correlations ⌬( z ,L j ) between the spin and the Lindblad operators become vanishingly small. The quantum correlations on the right-hand side of Eq. ͑32͒ vanish, if the quantum state ͉͘ can be factorized according to ͉͘ ϭ͉͘ ͉s z ͘ , where ͉͘ and ͉s z ͘ denote a cyclotron state and an eigenstate of z . From Eq. ͑32͒ it can be shown that
which demonstrates that the average spin-autocorrelation decays exponentially within a time of the order of ⌫ Ϫ1 or less. Thus according to the QSD model of state reduction, the mean measurement rate ⌫ represents the minimal rate at which the spin is projected onto an eigenstate of z in an individual measurement process.
Thus the relativistic couplings discussed in Secs. II A and II B do not affect the average spin dynamics. The spin expectation value ͗ z ͘ is a constant of the motion. However, according to the QSD model these relativistic couplings affect individual quantum trajectories by projecting the spin state onto an eigenstate of z with a rate that is larger or equal to the mean measurement rate ⌫ of Eq. ͑22͒. After the completion of this reduction process, the influence of the electronic spin on the dynamics of the cyclotron motion can be described simply by the replacement z →Ϯ1 in Eqs. ͑21͒ and ͑22͒ and its influence on the cyclotron motion becomes trivial. Therefore, in the subsequent discussion of the electronic cyclotron motion it will be assumed that such a spin projection has already taken place.
IV. THE ELECTRONIC CYCLOTRON MOTION
In this section the influence of the back action of the quantum-mechanical measurement process on the electronic cyclotron motion is investigated. In view of the discussion in Sec. III, effects arising from the electronic spin are taken into account by the replacement z →Ϯ1 in Eqs. ͑21͒ and ͑22͒. Insight into the dynamics of the cyclotron motion in individual measurement processes is obtained on the basis of the quantum state diffusion model.
Starting from Eq. ͑21͒ and performing the transformation â ϩ ϭa ϩ e i p t , the electronic cyclotron motion is described by the Hamiltonian
The strength of the anharmonicity due to relativistic effects is characterized by ϭϪ rc ϩ / z . The frequency ⌬ϭ⍀ ϩ (1ϩs z )Ϫ p with s z ϭϮ1 refers to the detuning between the renormalized cyclotron frequency ⍀ ϩ and the driving frequency p of the planar electric field of Eq. ͑7͒. For the sake of simplicity, the driving strength ␤ is assumed to be a real number. The reduced density operator of the electronic cyclotron motion is governed by the master equation ͑20͒. Thereby dissipative effects due to radiative damping and thermal fluctuations of the cyclotron motion are described by the Lindblad operators L 1 ϭ ͱ (n ϩ1)â ϩ and L 2 ϭ ͱ n â ϩ † . The Lindblad operator L ⌫ ϭͱ2⌫â ϩ † â ϩ describes the back action of the continuous measurement process on the cyclotron motion.
In the absence of the quantum measurement process, i.e., for ⌫ϭ0, this model has already been investigated previously ͓4,16͔. This simplified model describes a driven, anharmonic oscillator interacting with a thermal bath. A characteristic feature of this model is the appearance of bistability and hysteresis effects. The main aim of the subsequent discussion is to gain an understanding of the mechanism by which the back action of the quantum-mechanical measurement process on the cyclotron motion influences these hysteresis effects.
It is apparent from the equation of motion for ͗â ϩ ͘, i.e.,
that the measurement process tends to increase dissipation according to the replacement →ϩ2⌫. In order to obtain a more detailed understanding of characteristic features of the quantum measurement process, let us first of all neglect all anharmonic effects.
tion with the quantum-classical transition in systems whose classical dynamics are chaotic ͓17͔. Applying this scaling transformation to the QSD equation of motion ͑41͒ yields
with ␣ϭ͗â ϩ ͘ /. The semiclassical QSD equation ͑43͒ is invariant under the scaling transformation ͑42͒ and in the absence of measurement, i.e., for ⌫ϭ0, it reduces to the classical stochastic differential equation for a driven anharmonic oscillator interacting with a thermal bath. Equation ͑43͒ contains two noise terms. The first one proportional to ͱ n represents thermal fluctuations while the second one proportional to ͱ2⌫ is a homogeneous noise induced by the quantum measurement process. Both the thermal and the measurement-induced fluctuations transform the stable equilibrium points, which correspond to the stationary solutions of the deterministic part of Eq. ͑43͒, into metastable equilibria. In particular, the measurement process can hide bistability by inducing spontaneous transitions between both metastable equilibrium points. Alternatively, the measurement process can also suppress bistability by displacing equilibrium points out of the bistable domain. This latter point is illustrated in Fig. 1 . Each point of Fig. 1 represents a system described by the semiclassical Eq. ͑43͒ in the absence of noise, i.e., for d 2 ϭd 3 ϭ0. The location (x,y) of the system is specified by its parameters where xϭ(/2ϩ⌫)/⌬ and yϭ(/2ϩ⌫) 3 /␤ 2 . Bistable behavior is only possible for points located inside the full curve ͓16͔. If, starting from an arbitrary point, we keep all parameters fixed and vary the measurement rate ⌫, the point will follow a cubic curve of the form yϭax 3 with aϭ⌬ 3 /␤ 2 . The dots in Fig. 1 represent locations of the system for different values of the measurement rate ⌫. The trajectory formed by these points demonstrates that with increasing measurement rate ⌫, systems that are bistable in the absence of measurement, i.e., for ⌫ϭ0, eventually become monostable as soon as they cross the border line ͑full curve͒. In this latter case all associated hysteresis effects are destroyed.
Bistability and measurement-induced fluctuations
Returning to the full QSD equations, we investigate the influence of thermal and measurement-induced fluctuations on bistability in Fig. 2 , where the time evolution of the average excitation number M ͗â ϩ † â ϩ ͘ is depicted for different values of the measurement rate ⌫. The parameters in Fig. 2 are chosen so that in the absence of quantum measurement, i.e., for ⌫ϭ0, the system starts in the bistable domain. The initial state is assumed to be a coherent state centered at one of the two possible metastable equilibrium points. Two different values of the measurement rate have been used to compute the time evolution, which is compared with the time evolution in the absence of measurement. For ⌫ϭ0 the effective decay time of the excitation number is much larger than the radiative damping time 1/. This reflects the fact that, in the absence of measurement in the bistable regime, the noise-induced transition time between the two possible metastable states is usually much larger than the inverse characteristic radiative damping time 1/ ͓16͔. This transition time depends mainly on the magnitude of the thermal fluctuations. With increasing measurement rate ⌫ the effective decay time of the excitation number decreases rapidly and finally approaches the radiative damping time 1/ in the limit when all effects arising from the nonlinear term ͗â ϩ † â ϩ 2 ͘ have become insignificant. This demonstrates the profound influence of the quantum measurement process on bistability. The quantum measurement process tends to project the quantum state of the electronic cyclotron motion onto an energy eigenstate that is delocalized spatially and for which the nonlinearity of Eq. ͑41͒ vanishes. This removal of the nonlinearity leads to a suppression of bistability, which is exemplified by the rapid change of the effective decay time in Fig. 2 . In Fig. 3 , numerical simulations of individual experiments for measuring hysteresis effects are presented. It is assumed FIG. 2. Time evolution, in arbitrary units, of the ensemble average excitation number using 100 trajectories. The parameters used are ϭ1.5, ␤ϭϪ7.0, n ϭ0, ϭ0.04, and ⌬ϭϪ5.0. The initial state is a coherent state centered at a metastable position. The upper curve is for ⌫ϭ0, the lower for ⌫ϭ0.1, and the middle one for ⌫ϭ0.01.
that the dynamics of a single electron is measured continuously in cases in which its corresponding classical motion is bistable in the absence of measurement. The driving frequency p of the external electronic field is assumed to be varied step by step from low to high frequencies and reversed, thus spanning twice the classically bistable domain. For each value of the driving frequency p it is assumed that the experimenter waits a time t m , i.e., the measurement delay, and records the excitation number ͗a ϩ † a ϩ ͘ before changing p again. The measurement delay is assumed to be much larger than the characteristic radiative damping time 1/. Thus the driving frequency is swept adiabatically with respect to the radiative damping time 1/. According to the QSD model of state reduction, such an experiment is described theoretically by curves like the ones shown in Fig. 3 . The measured excitation number ͗a ϩ † a ϩ ͘ fluctuates around one of the two classical steady states for a while and then jumps to the other value. The two jumps ͓indicated by vertical arrows in Fig. 3͑a͔͒ occurring when the driving frequency is ramped from low to high frequencies and reversed allows one to define a detuning width ⌬⍀ as the size of the bistable region in an individual realization. This detuning width ⌬⍀ is a random variable and is different for each realization of an experiment. As has already been discussed previously ͓16͔, in general the statistical properties of this detuning width ⌬⍀ depend on the ratio between the measurement delay time t m and the mean stochastic transition time between the classical steady states. In the absence of quantum measurement, i.e., for ⌫ϭ0, this latter time is typically much larger than the radiative damping time 1/ and depends on the magnitude of the thermal fluctuations ͓16͔. Two limiting cases can be distinguished. ͑i͒ If the measurement delay is small relative to the stochastic transition time, i.e., ӷt m , then in general ⌬⍀ has a finite value thus exhibiting bistability. ͑ii͒ At the opposite extreme, i.e., for Ӷt m , the detuning width ⌬⍀ is equal to zero, thus indicating the disappearance of hysteresis effects.
The back action of the continuous measurement process on the electronic cyclotron motion tends to project the state onto a spatially delocalized energy eigenstate. Therefore it is expected that with increasing measurement rate ⌫ the mean stochastic transition time decreases, thus eventually leading to a measurement-induced disappearance of hysteresis effects. This behavior is exemplified by the individual realizations depicted in Figs. 3͑a͒ and 3͑b͒. In Fig. 3͑a͒ the mean measurement rate ⌫ is of the order of the radiative damping rate . As a consequence, the detuning width is much smaller than the classically expected value in the absence of measurement ͑dashed curve extending to the far left͒. However, hysteresis effects are still apparent. In Fig. 3͑b͒ the measurement rate ⌫ is already so large that all hysteresis effects have disappeared even in the classical limit ͑dashed curve͒ due to the fast stochastic transitions between the classical steady states. As a consequence these rapid stochastic transitions give rise to fluctuations of the measured excitation number ͗a ϩ † a ϩ ͘ that are much larger than in the case depicted in Fig. 3͑a͒ .
V. CONCLUSION
A detailed quantum-mechanical description of the relativistic dynamics of a single electron in a Penning trap has been developed in which interaction with the environment has been taken into account. To this end we have retained the radiative damping of the cyclotron motion and dissipative effects of the axial motion originating from the readout resistor. The relativistic effects lead to nonlinear couplings between the electronic cyclotron, spin, and axial motion. Thus the electronic cyclotron and spin motion can be monitored continuously by measuring the charge-induced currents of the axial motion.
A master equation has been derived that describes the dynamics of a statistical ensemble of continuous quantum measurements performed on an electron in the Penning trap. The electronic axial motion, which might be considered as part of the measurement apparatus, has been eliminated adiabatically in the limit of rapid axial dissipation, i.e., in the quantum Brownian motion limit. In this limit the measurement apparatus is sensitive to the electronic cyclotron and spin quantum number and the mean rate of reduction ⌫ can FIG. 3 . Numerical simulations of hysteresis experiments, in arbitrary units, using the QSD model with parameters ϭ1.5, ␤ϭϪ7.0, n ϭ0, ϭ0.05 and for two different measurement rates ͑a͒ ⌫ϭ0.3, ͑b͒ ⌫ϭ0.8. The detuning step is 0.1 and the measurement delay time is t m ϭ50. The dashed curves represent the classical steady-state excitation numbers with ⌫ϭ0 ͑curve extending to the far left͒ and ͑a͒ ⌫ϭ0.3, ͑b͒ ⌫ϭ0.8.
be varied over many orders of magnitude by altering the external driving of the axial motion, similar to the harmonic case presented earlier in Ref. ͓11͔ . It has been shown that this measurement process tends to project the electronic spin along the axial direction. After the completion of this projection process, the relativistic effects do not give rise to any further spin flips.
It has been demonstrated that the continuous quantum measurement process has a profound influence on the cyclotron motion and its bistable behavior. The QSD model provides an intuitively appealing description of the competition between dissipative effects originating from radiative damping of the cyclotron motion and thermal noise, which tend to localize the cyclotron state into a coherent state, and the measurement-induced effects, which tend to project the cyclotron state into a spatially delocalized energy eigenstate of the unperturbed cyclotron motion. The relative strength of these two competing stochastic processes depends on the ratio between the measurement rate ⌫ and the radiative damping rate of the cyclotron motion.
